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Introduction

HE nature and interaction of high-energy particles cannot
be studied on the Earth’s surface because of limitations
on size and power of existing particle accelerators. The concept
of studying the behavior of high-energy cosmic particles of
1014-10'% ev or higher by means of orbiting vehicles is an
attractive one, since these vehicles carry the equipment for
capture, detection, and observation. In one of the experimental
setups considered’ the vehicle will carry a huge electromagnet.
This Note deals with the attitude dynamics of such a vehicle.
Analysis indicates that enormous torques are created by field
interaction, as a result of which maintaining the vehicle in any
fixed orientation in space is a formidable task. The vehicle’s
dipole oscillates conically about the Earth’s magnetic field at
an amplitude roughly equal to the initial misalignment. Our
analytical investigation uses a simplified model of the Earth’s
magnetic field; this is followed by a more realistic approach,
using a digital subroutine of the Earth’s field furnished by
NASA. The complete equations, including nonlinear terms,
have been solved on an IBM 360/75 computer.

A Simplified Model of Attitude Dynamics

The model was inspired by Ref. 2 (pp. 10-14). The declination
of the field was disregarded and the assumption made that the
orbit (inclined at A, with respect to the equatorial plane) is
circular. The field encountered varies as the second harmonic
of the polar angle measured from the point of maximum
latitude A = A,. The triad x, y, z, in Fig. 1 follows the vehicle with
¥, coinciding with the local vertical and z, normal to the orbital
plane. The magnetic field is defined approximately by

H, =0
H, ~ —0.7(1—sin A, cos’ w, 1) €]
H, ~ 0.4(sin’ w, t+cos A,cos’ w, 1)

where w, is the orbital angular velocity of the vehicle. H is
expressed in gauss. The vehicle weighs 150,000 1b (6.8 x 10* kg).
The radius of gyration along its dipole moment is 7 ft (2.1 m);
perpendicular to the axis it is of the order of 1.7 m. The
principal moments of inertia are accordingly

I, =1, = 192x 10° kg-m?

d
an I, = 3.1x 105 kg-m?
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Fig. 1 Desired orientation with dipole () pointing radially outward
from Earth.

along the dipole axis of the magnet. Initially the orientation of
the dipole axis coincides with the local vertical y, (see Figs. 1
and 2), while a new triad (&, 5, () is oriented as a result of a
set of small angular deflections o, f, y about the x,y,z, axes.
We have

X 1 -7 B é

Yo |=| v 1 —a|x|n 3
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The dipole moment referred to xyz is given by

M= —yM
My= M )
M, = oM

where the subscript zero has been dropped.
The torque I' exerted upon the vehicle by the magnetic field
H of the Earth is given by the cross product .# x H or

T, =.#(H,—aH)
T, =.#(H,+vyH,) 8
1-‘z = ‘/{(—yHy——Hx)

[ aly
/

Fig. 2 Relations between the instantaneous body fixed axes (&, 7, ()
and the initial orientation (x,, y,, z,).
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The equations of attitude motion (Ref. 4, p. 140), with quadratic
terms and H, neglected, become

I.é+#H,o+1, 0, = #H,
ILB—-1.0,6—#H,y=0 6)
Ly+#H,y=0

The angular velocity of response w, to the magnetic field is
much faster than ,. Indeed for a volume ¥V occupied by the
magnet, we have .# = BV /4r. Taking B = 66 kilogauss, a 2-m-
diam, and a thickness of 20 ¢cm, we sce that

M = (6.6 x 10* x 10*7 x 20/4m) = 3.3 x 10° cgs units
and as a result
o, = (#H/I)''? =3.2x 1072 rad/sec

as compared to @, = 21/5400= 1.16 x 10~ rad/sec.

Equations (6) reveal that as expected § occurs only by its first
and second time-derivatives. On the other hand, y oscillates

around zero with no forcing function. The second equation
yields approximately

I, 6+.#4H o= .#H,+const of integration

Then a becomes determined by the ratio of H,/H as anticipated.
We see that if an active control system is desired, the torque of
compensation may amount to the enormous value of 23 kg-m/rad
for small angular misalignments.

The magnetic field of the Earth varies as a function of time
in synchronism with the orbital motion of the vehicle; further-
more, the natural frequency of oscillation of the vehicle is
about an order of magnitude higher than the orbital frequency.
Disregarding the resulting simplification followed previously, a
more accurate statement of the problem is possible. It is
expressed by Mathieu-type equations not investigated here, as
neither the time constant nor the steady-state behavior of the
vehicle are substantially influenced by the higher accuracy,
especially since the magnetic field of the Earth is not known
with a comparable precision.

The contribution by gravity gradients is small and has also
been neglected. Indeed, at the surface of the Earth, its value
is of the order of 3.2x 107° sec™? and yields a torque applied
to the vehicle equal to 7.6 x 10~ 2 kg-m, a value by far below the
magnetic torques experienced.

Damping is applied to y by known conventional means. It
is reasonable to assume therefore that the steady-state value of
y is nil.

Refinement of our Dynamic Model

A more exact model was investigated by computer simulation.
We assumed a 150,000 lb homogeneous cylinder as shown in
Fig. 3 with a magnetic dipole strength of .# = 3.3x 10° ab-
amp-cm” pointed along the 5 axis.

The equations of motion of the vehicle are given by

I = (dL/df)+w xL

Fig.3 Axes fixed in the body.
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Fig. 4 Sine of angle between the Earth’s magnetic field (H) and
vehicle’s dipole (%) vs time. Initial misalignment : sin y = 0.927.

with an angular momentum expressed by the equation
L =I®+6)

The external torque amounts to I' = .# x H where the Earth’s
field H was taken from Ref. 3. The equations of motion were
solved with the help of an IBM 360/75 digital computer. The
orbital parameters used in the simulation were: 25° orbital
inclination, zero eccentricity, zero ascending node, zero argument
of perigee, and a 250 naut mile aititude above the Earth. All
cases were run with zero initial angular momentum.

The results presented in Figs. 4 and 5 are plots of sin i vs time
for various initial vaiues of i/, where

¥ =sin~ ! [(H2+H?)"*/[H|]
is the angle between the vehicle’s dipole and the Earth’s
magnetic field.
One can say that the vehicle’s dipole will point substantially
in the direction of the Earth’s local magnetic field vector® and
will oscillate about that field vector as shown in Figs. 4 and 5.

Conclusions

1) The magnet will oscillate about the Earth’s local magnetic
field with an amplitude determined by the initial misalignment.
2) Even in case of a perfect alignment, an oscillation of a few
degrees with respect to H will take place. 3) A requirement of
inertial stabilization of pointing would require the application
of a torque far in excess of any practically realizable magnitude
and calls for a redesign of the system with some built-in
compensation.
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Fig. 5 Sine of angle between the Earth’s magnetic field (H) and
vehicle’s dipole () vs time. Initial misalignment : sinyy = 0.00267.
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Analytical Solution for
Extensible Tethers

J. B. EADES Jr.*
Analytical Mechanics Associates, Seabrook, Md.

HIS Note presents an analytical approximation to the
solution for an extensible tether problem. The mathematical
model considers a large particle (m,), such as a space station,
and a smaller particle (m,), connected by an ideal, massless
tether—one incapable of sustaining other than tensile loads.
For this solution, the main particle (m, ) is assumed to move on
a circular orbit (r,), at an angular rate ¢,. Both particles are
constrained to a single plane of motion, with the smaller mass
acted upon by the central mass (u) gravitational attraction and
the tether tension. The geometric description for this case is
shown in Fig. 1.

Equations of Motion

Under the assumptions made of this problem: F = |F,| =
|F,|, ¢, is the angular motion for the tethered mass system; the
line of action for the tether tension is parallel to T, and +6 locates
the tether (J) with respect to the local radial direction (2,). The
local triad (€, &, ;) moves with the main particle, m,. The mass
m, moves at speed V;(=r, ¢,) in a direction parallel to &, at
each instant.

Based on the abovementioned assumptions and descriptions,
the vector equation of motion for m,, with respect to m,, can
be written as

= ~ FI
I=¢ 2 [(1-AT)F A3 ]— — n
ml
Herein, because of the circular orbit, ;%= p/ry3

2,
_ e 1<8
J—"<Lam
=
m, // E T,
v

Fig. 1 Problem geometry. Unit vectors

T, e, ¢, define the plane of motion.
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1 = m, my/(m,+m,) is the reduced mass parameter. Also, the
quantity
A = [142(/r,) cos 0+ (P/r 22 2
is a parameter indicative of gravity gradient for this situation.
Next, introducing the dimensionless quantities: A= l/r,,
© = F/riifr, ¢,2, and, changing the independent variable from ¢
to ¢ (i.e., = &, t), then the scalar differential equations defining
the problem are, from Eq. (1)
A =21+6Y+(1—-A3)cos0—-IA3—1 (3a)
and
20" = =22(1+60)—(1—A"3)sind
In these, the primes denote differentiation with respect to ¢.
For this study the angle 6 is set at a fixed value, for any
particular solution ; consequently Eqgs. (3) reduce to the set
"= (A+cosO)(1—A3)—1 da)
and
= —(1—A~3(sin6/2) (4b)
As an aid to obtaining the analytical solution desired here,
since 1 is a small term, we introduce the approximation
A73 =1-3)cos0+HOT
correspondingly, Egs. (4) are further reduced to
X =—¥sin20 (5a)
and
7 = (34/2)(1+cos20)— A" (5b)
A more convenient “tether-length variable” can be had by
introducing the dimensionless maximum value of A(=4,). This
leads to a new parameter replacing A, namely
o=, =1l .. (6a)
It is recognized that this new variable is constrained to
0010

during any tether extension, or contraction.
Next, for compatibility, define a new tension parameter, i.e.,
let
T F/m
== 2/ (6b)
A’m (]Sl lmax

and rewrite Egs. (5) accordingly.

1l

T

The Solution

Remembering that 6 is a fixed quantity, then Eq. (5a) leads
directly to the first integral

o =a,exp(K, ¢) Q)

wherein K, = —3sin 20, and ¢, is the initial value of ¢.
Making use of this result, then Eq. (5b) yields, as its “solution”
7, =[3(1+co0s20)— K *Jo = K,0 ®)

Next, recalling that ¢ = ¢t, Eq. (7) can be manipulated to
produce the time equation

1 c 1 I
t=——Ih—=——In(- 9
KO‘ 45 60 Ko' qs ! (ltl) ( )
Finally, rewriting Eq. (5a) in terms of o, i.e.,
' = —30sin20 = K,0 (10)

then Egs. (7-10) describe this “extensible tethered bodies”
problem, completely. Interestingly, one sees that the rate of
“reeling-in” or “reeling-out” (¢7) of the tether is linearly related
to the length (0); correspondingly, the required tensile load (for
the tether) is also linearly related to the line length. However,
contrary to this, the “time” required to reel-in or reel-out the
line is logarithmic in the length.

Discussion
As an interesting observation, Eq. (10) indicates that the
reeling-in of the tethered mass (m,) can be accommodated only
in the first and third 0-quadrants. Conversely, the line may be
reeled-out in the second and fourth quadrants, only.



